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Abstract Based on invariant algebras, we introduce representations6−th of Lie
algebras and representations〈4−th〉 of Leibniz algebras, give the extended P-B-W The-
orems in the context of the new representations of Lie algebras and Leibniz algebras,
and generalize the Hopf-algebra structure on the enveloping algebras of Lie Algebras.
Throughout, an associative algebra always means an associative algebra hav-
ing an identity, a homomorphism from an associative algebra to an associative
algebra always preserves the identity, and all vector spaces are vector spaces
over a field k.
Let V be a vector space, and let End(V ) be the associative algebra of all
linear transformations from V to V . It is well-known that End(V ) is a Lie
algebra with respect to the following bracket [ , ]
[f, g] := fg − gf for f , g ∈ End(V ). (1)
This Lie algebra is denoted by gℓ(V ). In this paper, the bracket defined by (1)
will be called the ordinary bracket, and a homomorphism from a Lie algebra
L to the Lie algebra gℓ(V ) will be called an ordinary representation of the
Lie algebra L on V .
This paper is concerned with the new ways of representing Lie algebras and
Leibniz algebras by using linear transformations. The key idea in this new ways
is to replace the ordinary bracket by new brackets and replace the associative
algebra End(V ) by a subalgebra of End(V ). Let W be a non-zero subspace of
a vector space V , and let End
W
(V ) be the set of all linear transformations from
V to V which have W as an invariant subspace, i.e.,
End
W
(V ) := { f | f ∈ End(V ) and f(W ) ⊆W }.
Clearly, End
W
(V ) is a subalgebra of the associative algebra End(V ). Although
the way of making End(V ) into a Leibniz algebra has not been found, there are
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several ways of making the subalgebra End
W
(V ) into a Leibniz algebra. Also,
there are several new brackets which are different from the ordinary bracket and
make End
W
(V ) into a Lie algebra. In fact, if we fix a scalar k ∈ k and a linear
transformation q satisfying
q(W ) = 0 and q(v)− v ∈W for all v ∈ V , (2)
then End
W
(V ) becomes a Leibniz algebra with respect to the following 4-th
angle bracket 〈 , 〉4,k:
〈f, g〉4,k = fg − gf + gqf − fgq + kfqg − kqgf for f , g ∈ EndW (V ),
and End
W
(V ) becomes a Lie algebra with respect to the following 6-th square
bracket [ , ]6,k:
[f, g]6,k := fg − gf − fgq + gfq + kfqg − kgqf for f , g ∈ EndW (V ).
Replacing gℓ(V ) by the Leibniz algebra (End
W
(V ), 〈 , 〉4,k), we get the notion
of representations〈4−th〉 of Leibniz algebras. Replacing gℓ(V ) by the Lie algebra
(End
W
(V ), [ , ]6,k), we get the notion of representations
6−th of Lie algebras.
The Poincare´-Birkhoff-Witt Theorem (P-B-W Theorem) and the Hopf alge-
bra structure for the enveloping algebras of Lie algebras are of great importance
to the ordinary representations of Lie algebras. To initiate the study of the
new representations of Lie algebras and Leibniz algebras, it is natural to study
the counterparts of the P-B-W Theorem and the Hopf algebra structure for the
enveloping algebras of Lie algebras in the context of the new representations of
Lie algebras and Leibniz algebras. The purpose of this paper is to present our
results in this study.
This paper consists of six sections. In section 1, we introduce the notion
of invariant algebras, discuss some basic properties of invariant algebras, and
define representations6−th of Lie algebras and representations4−th of Leibniz
algebras. In section 2, we introduce free invariant algebras and construct a
basis for a free invariant algebras. In section 3, we introduce enveloping6−th
algebras of Lie algebras and give the extended6−th P-B-W theorem. In section
4, we introduce bialgebras with σ-counit and Hopf-like6−th algebras. The main
results of this section is that the enveloping6−th algebra of a Lie algebra is a
Hopf-like6−th algebra. In section 5, we introduce enveloping〈4−th〉 algebras of
Leibniz algebras and give the extended〈4−th〉 P-B-W theorem. In section 6,
we introduce Hopf-like〈4−th〉i algebras with i = 1, 2 and study Hopf-like〈4−th〉i
algebra structures on the enveloping〈4−th〉 algebra of a Leibniz algebra.
1 Invariant Algebras
We begin this section by introducing the notion of invariant algebras.
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Definition 1.1 Let A be an associative algebra with an idempotent q. The set
(A, q) := { x, |x ∈ A and qxq = qx } (3)
is called the (right) invariant algebra induced by the idempotent q.
The most important example of invariant algebras is the linear invariant al-
gebra over a vector space. Let V be a vector space, let End(V ) be the associative
algebra of all linear transformations from V to V , and let I be the identity linear
transformation of V . If W is a subspace of V , then an linear transformation q
satisfying (2) is an idempotent. An element q of End(V ) satisfying (2) is called
a W -idempotent.
Definition 1.2 If W is a subspace of a vector space V and q is aW -idempotent,
then the invariant algebra (End(V ), q) induced by q is called the linear invari-
ant algebra over V induced by the W -idempotent q.
Clearly, the linear invariant algebra (End(V ), q) over V induced by a W -
idempotent q consists of all linear transformations of V havingW as an invariant
subspace, i.e., (End(V ), q) = End
W
(V ).
Definition 1.3 Let (A, q
A
) and (B, q
B
) be invariant algebras. A linear map
φ : (A, q
A
)→ (B, q
B
) is called an invariant homomorphism if
φ(xy) = φ(x)φ(y) for x, y ∈ (A, q
A
)
and
φ(1
A
) = 1
B
, φ(q
A
) = q
B
,
where 1
A
and 1
B
are the identities of A and B, respectively. A bijective invariant
homomorphism is called an invariant isomorphism.
The next proposition shows that any invariant algebra can be imbedded in
a linear invariant algebra.
Proposition 1.1 If (A, q) is an invariant algebra, then the map
φ : a 7→ a
L
for a ∈ (A, q)
is an injective invariant homomorphism from (A, q) to the linear invariant al-
gebra (End(A, q), q
L
) over (A, q) induced by the (A, q)ann-idempotent q
L
, where
a
L
is the left multiplication defined by a
L
(x) := ax for x ∈ (A.q) and
(A, q)ann := { qx− x |x ∈ (A, q) }.
There are six ways of making an invariant algebra into a Lie algebra. One
of the six ways is given in the following
3
Proposition 1.2 If q is an idempotent of an associative algebras A, then (A, q)
becomes a Lie algebra under the following 6-th square bracket
[x, y]6,k := xy − yx− xyq + yxq + kxqy − kyqx, (4)
where x, y ∈ (A, q), and k is a fixed scalar in the field k. This Lie algebra is
denoted by Lie
(
(A, q), [ , ]6,k
)
.
Following [2], a vector space L is called a (right) Leibniz algebra if there
exists a binary operation 〈 , 〉: L × L → L such that the (right) Leibniz
identity holds: 〈〈x, y〉, z〉 = 〈x, 〈y, z〉〉+ 〈〈x, z〉, y〉 for x, y, z ∈ L.
There are four ways of making an invariant algebra into a Leibniz algebra.
One of the four ways is given in the following
Proposition 1.3 If q is an idempotent of an associative algebras A, then (A, q)
becomes a Leibniz algebra under the following 4-th angle bracket
〈x, y〉4 = xy − yx+ yqx− xyq + kxqy − kqyx, (5)
where x, y ∈ (A, q), and k is a fixed scalar in the field k. This Leibniz algebra
is denoted by Leib
(
(A, q), 〈 , 〉4,k
)
.
Let W be a subspace of a vector space V , and let q be a W -idempotent.
The Lie algebra Lie
(
(End(V ), q), [ , ]6,k
)
is denoted by gℓ
[ , ]6,k
q,W (V ) and is called
the 6-th general linear Lie algebra induced by (q,W ). The Leibniz alge-
bra Lie
(
(End(V ), q), 〈 , 〉4,k
)
is denoted by gℓ
〈 , 〉4,k
q,W (V ) and is called the 4-th
general linear Leibniz algebra induced by (q,W ).
We finish this section with the following
Definition 1.4 Let W be a subspace of a vector space V over a field k and let
q be a W -idempotent.
(i) A Lie algebra homomorphism ϕ from a Lie algebra (L, [ , ]) to the 6-th
general linear Lie algebra gℓ
[ , ]6,k
q,W (V ) is called a representation
6−th of L
on V induced by (q,W ).
(ii) A Leibniz algebra homomorphism ϕ from a Leibniz algebra (L, 〈 , 〉) to the
4-th general linear Leibniz algebra gℓ
〈 , 〉4,k
q,W (V ) is called a representation
4−th
of L on V induced by (q,W ).
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2 Free Invariant Algebras
Let (Aˆ, qˆ) be an invariant algebra, and let iˆ be a map from a set X to (Aˆ, qˆ).
The pair
(
(Aˆ, qˆ), iˆ
)
is called the free invariant algebra generated by the set
X if the following universal property holds: given any invariant algebra (A, q)
and any map θ : X → (A, q) there exists a unique invariant homomorphism
θˆ : (Aˆ, qˆ)→ (A, q) such that θˆiˆ = θ; that is, the following digram is commutative
(Aˆ, qˆ)
θˆ
−→ (A, q)
iˆ
x
xθ
X = X
The free invariant algebra generated by a set is clearly unique.
We now construct free invariant algebras over a field k. Let X := { xj | j ∈
J } be a set, and let q˜ be a symbol which is not an element of X . Let T (V ) be
the tensor algebra based on a vector space V , where V =
⊕
j∈J
kxj
⊕
kq˜ is the
vector space over k with a basis X
⋃
{q˜}. Let I be the ideal of T (V ) generated
by
{ q˜ ⊗ q˜ − q˜, q˜ ⊗ a⊗ q˜ − q˜ ⊗ a | a ∈ T (V ) }.
Let Aˆ :=
T (V )
I
and qˆ := q˜ + I. Then (Aˆ, qˆ) is an invariant algebra.
Proposition 2.1 The pair
(
(Aˆ, qˆ), iˆ
)
is the free invariant algebra generated by
the set X = { xj | j ∈ J }, where the map iˆ : X →
(
(Aˆ, qˆ), iˆ
)
is defined by
iˆ(xj) := xj + I for j ∈ J .
Let xˆj := iˆ(xj) = xj + I for j ∈ J . The product of two elements a and b of
(Aˆ, qˆ) is simply denoted by ab. The next proposition gives a basic property of
the free invariant algebra
(
(Aˆ, qˆ), i
)
generated by the set X .
Proposition 2.2 The following subset of
(
(Aˆ, qˆ), iˆ
)
Sˆ :=
{
1ˆ, qˆ, xˆj1 · · · xˆjm , xˆj1 · · · xˆjt qˆxˆjt+1 · · · xˆjm
∣∣∣∣ { xj1 , · · · , xjm } ⊆ X,m ∈ Z≥1, m ≥ t ≥ 0
}
is a k-basis of the vector space (Aˆ, qˆ).
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3 Enveloping6−th Algebras of Lie Algebras
In the remaining part of this paper, we assume that the scalar k is non-zero.
Using invariant algebras and invariant homomorphisms in section 1, we in-
troduce enveloping6−th algebras of Lie algebras in the following
Definition 3.1 Let (L, [ , ]) be a Lie algebra (arbitrary dimensionality and char-
acteristic). By a enveloping6−th algebra of (L, [ , ]) we will understand a
pair
(
(U , q¯), i
)
composed of an invariant algebra (U , q¯) together with a map
i : L → (U , q¯) satisfying the following two conditions:
(i) the map i : (L, [ , ]) → Lie
(
(U , q¯), [ , ]6,k
)
is a Lie algebra homomorphism;
that is, i is linear and
i([x, y]) = [i(x), i(y)]6,k = i(x)i(y)− i(y)i(x) +
−i(x)i(y)q¯ + i(y)i(x)q¯ + ki(x)q¯i(y)− ki(y)q¯i(x) for x, y ∈ L,
(ii) given any invariant algebra (A, q) and any Lie algebra homomorphism f :
(L, [ , ]) → Lie
(
(A, q), [ , ]6,k
)
there exists a unique invariant homomor-
phism f ′ : (U , q¯)→ (A, q) such that f = f ′i; that is, the following diagram
is commutative:
(U , q¯)
f ′
−→ (A, q)
i
x
xf
L = L.
Clearly, the enveloping6−th algebra of a Lie algebra L, which is also denoted
by (U6−thk (L), q¯), is unique up to an invariant isomorphism.
We now construct the enveloping6−th algebra of a Lie algebra (L, [ , ]) over
a field k. Let X = { xj | j ∈ J } be a basis of (L, [ , ]). Let
(
(Aˆ, qˆ), iˆ
)
be
the free invariant algebra generated by the set X . By Proposition 2.2, Xˆ :=
{ xˆj := iˆ(xj) | j ∈ J } is a linearly independent subset of (Aˆ, qˆ). Hence, iˆ can be
extended to an injective linear map iˆ : L → (Aˆ, qˆ). Let xˆ := iˆ(x) for all x ∈ L.
Let R be the ideal of (Aˆ, qˆ) which is generated by all the elements of the form
̂[x, y]− xˆyˆ + yˆxˆ+ xˆyˆqˆ − yˆxˆqˆ − kxˆqˆyˆ + kyˆqˆxˆ,
where xˆ, yˆ ∈ L := iˆ(L). Let
U :=
Aˆ
R
, q¯ := qˆ +R. (6)
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Define a map i : L → (U , q¯) by
i(x) := xˆ+R for x ∈ L. (7)
We have the following
Proposition 3.1 The pair
(
(U , q¯), i
)
defined by (6) and (7) is an
enveloping6−th algebra for the Lie algebra (L, [ , ])
The following proposition gives the counterpart of P-B-W Theorem in the
context of representations6−th of Lie algebras.
Proposition 3.2 (The Extended6−th P-B-W Theorem) Let L be a Lie
algebra with a basis X := { xj | j ∈ J }. If the set J of indices is ordered, then
the following set of cosets
Tˆ :=


qˆxˆj1 · · · xˆjm +R,
xˆi1 · · · xˆit xˆj0 qˆxˆj1 · · · xˆjm +R,
xˆj1 · · · xˆjm +R
∣∣∣∣∣∣∣∣
xi1 , · · · , xit , xj0 , xj1 , · · · , xjm ∈ X,
it ≥ · · · ≥ i1,
jm ≥ · · · ≥ j1 ≥ j0,
t,m ∈ Z≥0

 .
is a basis for the enveloping6−th algebra (U , q¯)) of the Lie algebra L.
4 Hopf-like6−th Algebras
Let C be a vector space over a field k. The canonical map c 7→ 1⊗ c is denoted
by C → k ⊗ C, and the canonical map c 7→ c ⊗ 1 is denoted by C → C ⊗ k
respectively, where c ∈ C. If V and W are vector spaces over a field k, then the
twist map
τ : V ⊗W →W ⊗ V
is defined by τ(v ⊗ w) := w ⊗ v, where v ∈ V and w ∈ W .
First, we introduce the concept of a bialgebra with σ-counit.
Definition 4.1 An associative algebra H over a field k is called a bialgebra
with σ-counit if there exist five linear maps m : H ⊗ H → H, u : k → H,
∆ : H → H ⊗ H, ε : H → k and σ : H → H such that the following eight
diagrams are commutative:
• associativity
H ⊗H ⊗H
m⊗id
−→ H ⊗H
id⊗m
y
ym
H ⊗H
m
−→ H
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• unit
k⊗H
u⊗id
−→ H ⊗H
id⊗u
←− H ⊗ ky
ym
y
H
id
= H
id
= H
• coassociativity
H
∆
−→ H ⊗H
∆
y
yid⊗∆
H ⊗H
∆⊗id
−→ H ⊗H ⊗H
• σ-counit
k⊗H ←− H −→ H ⊗ k
ε⊗ id
x
xσ
xid⊗ ε
H ⊗H
∆
←− H
∆
−→ H ⊗H
• ∆ is an algebra homomorphism
H ⊗H
m
−→ H
∆
−→ H ⊗H
∆⊗∆
y
xm⊗m
H ⊗H ⊗H ⊗H
id⊗τ⊗id
−→ H ⊗H ⊗H ⊗H
H
∆
−→ H ⊗H
u
x
xu⊗ u
k −→ k⊗ k
• ε is an algebra homomorphism
H ⊗H
ε⊗ε
−→ k⊗ k
m
y
y
H
ε
−→ k
H = H
u
x
yε
k = k
The maps ∆ and ε are called the comultiplication and the σ-counit respec-
tively. A bialgebra H with σ-counit is also denoted by H
(
m,u,∆
ε,σ
)
if the five linear
maps have to be indicated explicitly.
Based on bialgebras with σ-counit, we now introduce Hopf-like algebras in
the following
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Definition 4.2 A bialgebra H = H
(
m,u,∆
ε,σ
)
with σ-counit over a field k is called
a Hopf-like6−th algebra if there exists a linear map S : H → H such that the
following diagram is commutative:
H
∆
−→ H ⊗H
S⊗id
−→ H ⊗H
m
−→ H∣∣∣∣∣∣ ∣∣∣∣∣∣
H
S
−→ H
ε
−→ k
u
−→ H∣∣∣∣∣∣ ∣∣∣∣∣∣
H
∆
−→ H ⊗H
id⊗S
−→ H ⊗H
m
−→ H
(8)
The linear map S satisfying (8) is called the antipode6−th-like of the Hopf-
like6−th algebra.
The first generalization of the Hopf algebra structure for the ordinary en-
veloping algebra of a Lie algebra is given in the following
Proposition 4.1 The enveloping6−th algebra U6−thk (L) of a Lie algebra L is
a Hopf-like6−th algebra, where the comultiplication ∆, the σ-counit ε and the
antipode6−th-like S satisfy
∆(q) = q ⊗ q,
∆(x) = (x + kqx− xq) ⊗ 1 + 1⊗ (x+ kqx− xq) +
+(1− k)qx⊗ q + (1− k)q ⊗ qx for x ∈ L,
ε(q) = 1, ε(x) = 0 for x ∈ L,
S(q) = 1− q, S(x) = −
1
k
x− kqx+
1
k
xq for x ∈ L
and the linear map σ : U6−thk (L)→ U
6−th
k (L) is defined by
σ(a) := a+ qa− aq for a ∈ U6−thk (L).
5 Enveloping〈4−th〉 algebras of Leibniz algebras
The concept of the enveloping〈4−th〉 algebra of a Leibniz Algebra is introduced
in the following
Definition 5.1 Let (L, 〈, 〉) be a Leibniz algebra (arbitrary dimensionality and
characteristic). By a enveloping〈4−th〉 algebra of (L, 〈, 〉) we will understand
a pair
(
(U , q¯), i
)
composed of an invariant algebra (U , q¯) together with a map
i : L → (U , q¯) satisfying the following two conditions:
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(i) the map i : (L, 〈, 〉) → Leib
(
(U , q¯), 〈, 〉4,k
)
is a Leibniz algebra homomor-
phism; that is, i is linear and
i(〈x, y〉) = 〈i(x), i(y)〉4,k = i(x)i(y)− i(y)i(x) +
+i(y)q¯i(x)− i(x)i(y)q¯ + ki(x)q¯i(y)− kq¯i(x)i(y) for x, y ∈ L,
(ii) given any invariant algebra (A, q) and any Leibniz algebra homomorphism
f : (L, 〈, 〉) → Leib
(
(A, q), 〈, 〉4,k
)
there exists a unique invariant homo-
morphism f ′ : (U , q¯) → (A, q) such that f = f ′i; that is, the following
diagram is commutative:
(U , q¯)
f ′
−→ (A, q)
i
x
xf
L = L.
Clearly, the enveloping〈4−th〉 algebra of a Leibniz algebra L, which is also
denoted by (U
〈4−th〉
k (L), q¯), is unique up to an invariant isomorphism.
We now construct the enveloping invariant algebra of a Leibniz algebra
(L, 〈, 〉) over a field k. Let X = { xj | j ∈ J } be a basis of (L, 〈, 〉). Let(
(Aˆ, qˆ), iˆ
)
be the free invariant algebra generated by the set X . By Propo-
sition 2.2, Xˆ := { xˆj := iˆ(xj) | j ∈ J } is a linearly independent subset of (Aˆ, qˆ).
Hence, i can be extended to an injective linear map iˆ : L → (Aˆ, qˆ). Let xˆ := iˆ(x)
for all x ∈ L. Let R be the ideal of (Aˆ, qˆ) which is generated by all the elements
of the form ̂〈x, y〉 − xˆyˆ + yˆxˆ− yˆqˆxˆ+ xˆyˆqˆ − kxˆqˆyˆ + kqˆyˆxˆ,
where x, y ∈ L and we identify L with iˆ(L). Let
U :=
Aˆ
R
, q¯ := qˆ +R. (9)
Define a map i : L → (U , q¯) by
i(x) := xˆ+R for x ∈ L. (10)
Proposition 5.1 The pair
(
(U , q¯), i
)
defined by (9) and (10) is the enveloping〈4−th〉
algebra of the Leibniz algebra (L, 〈, 〉)
The following proposition gives the counterpart of P-B-W Theorem in the
context of representations〈4−th〉 of Leibniz algebras.
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Proposition 5.2 (The Extended〈4−th〉 P-B-W Theorem) Let L be a Leib-
niz algebra with a basis X := { xj | j ∈ J }. If the set J of indices is ordered,
then the following set of cosets of model monomials
T :=


qˆxˆj1 · · · xˆjm +R,
xˆj qˆxˆj1 · · · xˆjm +R,
xˆj1 · · · xˆjm +R
∣∣∣∣ { xj , xj1 , · · · , xjm } ⊆ X,jm ≥ · · · ≥ j1 and m ∈ Z≥0


is a basis for the enveloping〈4−th〉 algebra of the Leibniz algebra L.
6 Hopf-like〈4−th〉 Algebras
We begin this section by introducing two generalizations of Hopf algebras.
Definition 6.1 Let H = (H,m, u,∆, ε) be a bialgebra, where (H,m, u) gives
the associative algebra structure of H, and (H,∆, ε) gives the coalgebra structure
of H.
(i) H is called a Hopf-like〈4−th〉1 algebra if there exists a linear map S : H →
H such that the following diagram is commutative:
H
∆
−→ H ⊗H
S⊗id
−→ H ⊗H
m
−→ H∣∣∣∣∣∣ ∣∣∣∣∣∣
H
S
−→ H
ε
−→ k
u
−→ H∣∣∣∣∣∣ ∣∣∣∣∣∣
H
∆
−→ H ⊗H
id⊗S
−→ H ⊗H
m
−→ H
(11)
The linear map S satisfying (11) is called the antipode〈4−th〉1-like of the
Hopf-like〈4−th〉1 algebra H.
(ii) H is called a Hopf-like〈4−th〉2 algebra if there exist an algebra homomor-
phism σ : H → H and a linear map S : H → H such that the following
diagram is commutative:
H
∆
−→ H ⊗H
S⊗id
−→ H ⊗H
m
−→ H
σ
−→ H∣∣∣∣∣∣ ∣∣∣∣∣∣
H
S
−→ H
ε
−→ k
u
−→ H∣∣∣∣∣∣ ∣∣∣∣∣∣
H
∆
−→ H ⊗H
id⊗S
−→ H ⊗H
m
−→ H
(12)
The linear map S satisfying (12) is called the antipode〈4−th〉2-like of the
Hopf-like〈4−th〉2 algebra H.
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Clearly, a Hopf algebra is both a Hopf-like〈4−th〉1 algebra and a Hopf-like〈4−th〉2
algebra with σ = id.
The other two generalizations of the Hopf algebra structure for the ordinary
enveloping algebra of a Lie algebra is given in the following
Proposition 6.1 Let (U
〈4−th〉
k (L), q) be the enveloping
〈4−th〉 algebra of a Leib-
niz algebra L.
(i) If k = 1, then (U
〈4−th〉
1 (L), q) is a Hopf-like
〈4−th〉
1 algebra;
(ii) If k 6= 0, then (U
〈4−th〉
k (L), q) is a Hopf-like
〈4−th〉
2 algebra,
where the comultiplication ∆, the counit ε, the antipode-like〈4−th〉i S with i = 1,
2 satisfy
∆(q) = q ⊗ q,
∆(x) = (x+ kqx− xq)⊗ 1 + 1⊗ (x+ kqx− xq) +
+(−kqx+ xq)⊗ q + q ⊗ (−kqx+ xq) for x ∈ L,
ε(q) = 1, ε(x) = 0 for x ∈ L,
S(q) = 1− q, S(x) = −
1
k
x+
(1
k
− k
)
xq for x ∈ L.
and the algebra homomorphism σ is defined by
σ(a) := a+ qa− aq for a ∈ U
〈4−th〉
k (L).
References
[1] Sorin Da˘sca˘lescu, Constantin Na˘sta˘sescu and Serban Raianu, Hopf Alge-
bras, an introduction, Monographs and textbooks in pure and applied math-
ematics; 235, Marcel Dekker (2001).
[2] Jean-Louis Loday, Une version non commutative des alge`bres de Lie: les
alge`bres de Leibniz, Enseign. Math. (2) 39 (1993), no. 3-4, 269–293.
[3] Jean-Louis Loday and Teimuraz Pirashvili, Universal enveloping algebras of
Leibniz algebras and (co)homology, Math. Ann. 296 (1993), 139-158.
[4] Susan Montgomery, Hopf Algebras and Their Actions on Rings, American
Mathematical Society, 1993.
[5] Moss E. Sweedler, Hopf Algebras, Benjamin, New York, 1969.
12
